Abstract. The aim of this work is to provide a description of the corner asymptotics for the solutions of Maxwell equations in and outside a conductor body and to investigate the limit as the ratio permittivity/conductivity tends to zero (the eddy current limit). Corner singularities of the Maxwell transmission problem and also of the eddy current model have been described elsewhere [6, 7] . Here we concentrate on the uniform behavior with respect to the small parameter describing the eddy current limit -analyticity of the singular functions and stability of the decomposition of the fields into regular and singular parts.
Introduction
We consider the time-harmonic Maxwell equations in a medium with a high conductivity in one part and isolating in the other part. We are not interested in scattering aspects here, but will study the local regularity of the fields, in particular near corners of the conductor. Since the questions are local, we can assume from the outset that the domain is bounded. Let therefore Ω ⊂ R 3 be a bounded domain decomposed into the two subdomains Ω C , the conductor, and Ω E , which corresponds to the exterior isolator. For the sake of simplicity, we assume that B := ∂Ω C is connected, and that ∂Ω E = ∂Ω ∪ B. The conductivity σ is a constant σ C > 0 in Ω C and vanishes in Ω E . The electric permittivity ε and the magnetic permeability µ are supposed to be positive constants on Ω C and on Ω E . The frequency ω is a fixed positive constant. The eddy current model describes the situation where the quotient ωε/σ C is very small.
We consider the case where B has a conical singularity. As is well known, in the neighborhood of this corner point the electrical field will, in general, be unbounded. All possible singularities for the solutions of the time-harmonic Maxwell equations near conical corner points have been described in [5] for the case of perfect conductor boundary conditions, in [6] for interface conditions, and in [7] for the eddy current model. In all these cases, it has been shown that the singular functions can be obtained from corresponding scalar problems for the Laplace equation. Therefore the analytical tools for singularity analysis, mainly Kondrat'ev's Mellin transform based technique, are applied to the well-studied boundary value and interface problems for the Laplacian.
If, however, we want to describe the behavior of the singularities as the full Maxwell problem tends towards the eddy current problem, we need to use tools that have been developed for the situation of singularity problems depending on a parameter ( [4, 14, 16] ). Since the coefficients of the operator are complex, we cannot expect any simplification, but have to take into account all the possible complications that may appear in such situations, such as "crossing" and "branching" of the exponents. In order to get a stable description of the singular behavior, we no longer can reduce everything to the Laplace operator. Instead we have to use Mellin transformation directly for the Maxwell system. The corresponding constructions of spaces and operators do not seem to exist in the literature.
In the eddy current limit, the PDE problem itself changes its type from a pure transmission problem for a strongly elliptic second order system to a mixture of one-sided boundary conditions and transmission conditions for a system of Maxwell type in the conductor and of Laplace type with a divergence-free constraint in the isolator. On the other hand, from the point of view of the description of singularities, the eddy current limit is a regular perturbation problem.
Thus it is not hard to show that in this limit, not only the solution of the Maxwell problem converges in the energy norm to the solution of the eddy current problem, but also the singularity exponents converge at the same time. This has been proved in [7] .
The continuity of the solution and of the singularity exponents does not imply, however, that in any decomposition of the solution into regular and singular parts, all the terms -regular part, singular functions, and coefficients of the singular functions -will also depend continuously on the small parameter δ that characterizes the eddy current limit. This is the problem we are studying here.
In general, when the singularity exponent in the eddy current limit is of multiplicity higher than one, a "naïve" decomposition into a regular part and individual singular functions will produce coefficients tending to infinity as δ → 0. We show how to choose bases of singular functions that lead to coefficients continuous as δ → 0, and we prove stability for the decomposition into regular and singular parts in this case.
For the Mellin analysis, the "Mellin symbol", i. e. the angular part of the Maxwell transmission problem, has to be considered in a strong form, that is, on a level of regularity above the level of the energy norm related to the variational formulation. This means in particular that the natural transmission conditions now appear explicitly in the formulation of the Mellin symbol. We indicate in section 5 how they are obtained. We also show how the classification of the singularities into types 1, 2, and 3 is obtained from the Mellin analysis.
Maxwell and eddy current problems
Let ω > 0 be a fixed frequency. The time harmonic Maxwell equations are
in Ω, E × n = 0 and H · n = 0 on ∂Ω, E (resp. H) is the electric (resp. magnetic) field and j 0 is the source current density which is supposed to be a L 2 (Ω) field with support in Ω C and to be divergence free, i.e. div j 0 = 0 in Ω. Note that the assumption on div j 0 is equivalent to div j 0 = 0 in Ω C and j 0 · n = 0 on B.
Thus, taking the divergence of the second equation of (1.1), we obtain the following equation on the divergence of E:
The time-harmonic eddy current problem [2, 3, 1, 9] reads
Taking the divergence of the second equation of (1.3), instead of condition (1.2) we only obtain div E C = 0 in Ω C and E C · n = 0 on B. These conditions have to be completed by the gauge conditions:
div E E = 0 in Ω E and B E E · n dS = 0.
Eddy current limit
Following [3, Ch.4], we consider the eddy current limit as the limiting situation when the quantities ωε C /σ C and ωε E /σ C are small. For a conducting material, the permittivity ε C is of the same order of magnitude as ε E (also denoted ε 0 ), but ε C /σ C is very small. For moderate frequencies ω the quantities ωε C /σ C and ωε E /σ C are still small. Let us fix two numbersε C andε E which are of the same order as σ C and such that there exists δ > 0 (thus δ is small)
Thus we can write (defining by the same token the complex electric transmission coefficient α)
We fix σ C , ω,ε C andε E . The eddy current limit is the limit δ → 0.
Strong electric formulations
We use the electric approach consisting in eliminating H from equations (1.1)-(1.2) and (1.3)-(1.4). We denote by E δ for δ > 0 according to (1.6) , the solution of equations (1.1)-(1.2) and by E 0 the solution of (1.3)-(1.4). We note that we can write the equations satisfied by E δ in a unified way for δ > 0 and δ = 0:
Variational formulations
The variational space which we will use is independent of δ, i.e. suitable for both the Maxwell and the eddy current problem. Let H 0 (curl , Ω) be the standard space
Our variational space Y(Ω) is defined as
equipped with the norm
There is a full family of sesquilinear forms a δ on Y(Ω) adapted to a regularized variational formulation of the problem (1.7) for δ ≥ 0: We arbitrarily fix some positive parameter γ (possibly different in Ω C and Ω E ) and we define a δ as follows:
.
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For all δ ∈ [0, δ 0 ], we consider the variational problem:
3 hermitian inner product. The following result is proved in [7] : (ii) The solution E δ satisfies all equations in (1.7).
(iii) The norms of the E δ in Y(Ω) are uniformly bounded:
and we have the convergence estimate
Localization at a conical point
Let us assume that Ω C has a smooth boundary except at one point, say O, where it coincides with the tip of a cone Γ C . The solid angle
As far as elliptic boundary value or transmission problems on domains with conical points are concerned, the standard tool for the investigation of the structure of their solution is the Mellin transform defined for all u ∈ C ∞ 0 (R 3 \ {0}) and all λ ∈ C by
The argument in [5, 6, 7] is that the equivalent regularized variational formulation (1.8) provides an equivalent elliptic transmission problem where the standard Kontrat'ev approach [11] applies. This is the reason why in these works only the structure of singularities is investigated. If we want to investigate the possibility of a stable asymptotics with respect to the parameter δ, we have to revisit the Mellin approach, in order to look for a Mellin symbol with meromorphic inverse which should depend analytically on δ (and acting between a couple of spaces independent from δ).
Ellipticity
We integrate by parts in the variational problem (1.8) and find (with u = E δ )
with the essential boundary conditions, -we recall that α is defined in (1.6):
which we complement by the Neumann type transmission conditions Proof. Let us take δ = 0. We check that the 6×6 determinant obtained after partial Fourier transform at any point of the interface and reduction to the interface by the interior equations L C u = 0, L E u = 0 (symbol at the interface -cf standard covering boundary conditions) is non-zero for any real ξ = (ξ 1 , ξ 2 ) = 0.
The corresponding determinant is therefore non-zero for δ small enough.
Local regularity
We deduce that our solution u corresponding to a charge density j 0 in L 2 (Ω C ) has an optimal local regularity up to the interface outside the corner O: for any neighborhood V such that O ∈ V:
Let χ be a smooth cut-off function which is ≡ 1 in a neighborhood of O and has its support in the region where Ω C and Ω E coincide with the cones Γ C and Γ E respectively. Still denoting χu by u, we are left with the following problem, instead of (2.1)-(2.3):
3 respectively (we have used the fact that u belongs to L 2 (R 3 ) 3 to put the term of order zero into the rhs),
where I denotes the interface ∂Γ C = ∂Γ E , and
where h ∈ H 1/2 (I) 2 and h n ∈ H 1/2 (I). Since the support of h and h n is away from zero and infinity there also holds:
A standard homogeneity argument based on the a priori estimate between the two nested annuli A j = {x : 2 −j < ρ < 2 j }, j = 1, 2:
yields the weighted regularity for u C and u E :
Mellin transform
For each fixed δ ≥ 0, we can apply to problem (2.4)-(2.6) the standard tools of the Mellin transform and residue formula. Let us recall that the Mellin symbol of an operator A homogeneous of degree m with constant coefficients is C λ → A(λ) where
If U(λ) is the Mellin transform of u, then the Mellin transform F(λ) of ρ m Au is A(λ)U(λ). Practically, we have the relation
Mellin symbol
In the case of our problem, we define a Mellin symbol acting between spaces which do not depend on λ of course, but also not on δ. We take as source space
and as target space
where we recall that
As a standard consequence of the ellipticity (Proposition 2.1), we obtain that • L(λ) is invertible except for λ in a discrete set S ⊂ C,
• λ → L(λ) −1 is meromorphic, • at each pole λ ∈ S, the range of the polar part of L −1 is finite dimensional, • in each strip of the form ξ 1 ≤ Re λ ≤ ξ 2 there are at most a finite number of elements of S.
The elements λ of S are the poles of L(λ) −1 and they are also called singular exponents because they are the possible degrees of homogeneity of the singular parts in the conical asymptotics of solutions.
Splitting in regular and singular parts
As a consequence of the regularity and support properties of the data, cf (2.7), the Mellin transform λ → F(λ) of
is holomorphic for λ in the half-plane Re λ < 
The function λ → L(λ) −1 F(λ) is a meromorphic extension of U(λ) to the strip −
where γ is a simple curve surrounding all the poles of L(λ) −1 in the strip − 
Note that, in particular, the regular part u reg is H 2 in any neighborhood of zero inside Γ C and Γ E .
The properties of the polar part of L −1 inherited from the ellipticity imply that the residue in (3.3) (the singular part) spans a finite dimensional space.
Stable asymptotics with respect to δ
We now trace the dependency with respect to δ as δ → 0 in the above decomposition (3.3). We fix the right hand side j 0 and consider u δ := χE δ the localized solution of problem (1.8). Since the form a δ depends analytically on δ, the solution E δ also depends analytically on δ in Y(Ω) for δ in a neighborhood of δ = 0. Therefore, the localized solutions u δ and the associated right-hand sides (f
Thus, with λ → F δ (λ) the Mellin transform of
δ n ) we finally have the splitting of u δ for each δ according to (3.3):
where L δ is the Mellin symbol of problem (2.4)-(2.6) with α depending on δ via formula (1.6). 
Spaces of singularities and characteristic polynomials
We have the classical result, see [13] for example: 
The operator valued function
From the "operator valued Rouché formula" of Gohberg-Sigal [8], we find:
Lemma 4.4. The following representation holds for
Here we fix the contour γ so that L 0 (λ) −1 has no pole on γ. Therefore, for 0 ≤ δ ≤ δ 0 with δ 0 > 0 small enough, L δ (λ) −1 has still no poles on γ. The analytic dependency of L δ (λ) −1 on δ when λ ∈ γ implies that there holds: 
Stable asymptotics: general result
Let us recall the notion of "distance" between two subspaces E and F of the same Hilbert space H, cf [10] :
In general this distance is not symmetric. However, if E and F are finite dimensional subspaces satisfying dist(E, F ) < 1 and dist(F, E) < 1, then dim E = dim F and dist(E, F ) = dist(F, E).
Again as a consequence of the analytic dependency of L δ (λ) −1 on δ we find that dist(S 
Stable asymptotics: cases of degrees 1 and 2
In particular, if the degree of P δ γj is one, the situation is "simple" as described in the following proposition. 
Although unpredictable in general, the simplicity of limiting exponents of singularity is generic. Nevertheless, the general question of stable asymptotics with respect to δ keeps its interest.
If the characteristic polynomial P δ γj is of degree 2, the situation is more complicated, but still possible to describe: 
Moreover, for all δ = 0 small enough there exist two singular functions s 
Thus U δ (ν 0 ) is not zero and the residue of ρ
γ , which we denote by s 0 : 
They both belong to S δ γ and, since ν δ 1 + ν δ 2 depends analytically on δ, they both depend analytically on δ too.
General stable behaviors with respect to ρ for more general characteristic polynomials are investigated in [4] and [16] .
Maxwell singularities
In [5] it is proved that the singularities of the electric fields at corners and edges of a perfectly conducting polyhedral body all derive from scalar potentials, namely via three different types: Type 1 are gradients of singularities of the Dirichlet Laplacian. Type 2 are such that their curl is equal to the gradient of singularities of the Neumann Laplacian. Type 3 are such that their divergence is a singularity of the Dirichlet Laplacian.
In [6, 7] we have simply applied the same procedure as in [5] to describe the three different types in the case of transmission and eddy current problems. In this section, we are going to develop the arguments leading to such a description in these cases.
We investigate the structure of the elements of S δ γ . Let s δ belong to S δ γ : There exits F holomorphic such that
Let L δ = L δ (ρ∂ ρ ) be the collection of interior and interface operators
with α defined in (1.6), compare with (2.4)-(2.6). We have
Let us fix δ ∈ [0, δ 0 ], and thus α which is given by (1.6) . From now on, we drop the exponent δ.
In other words, s is a solution of the elliptic interface problem (2.4)-(2.6) with zero right hand side:
[div αs] = 0 on I.
Uncoupled systems
The key of the investigation of solutions s of (5.1)-(5.3) is the introduction of the auxiliary unknowns
Taking the divergence of equations (5.1), we find that q C and q E are harmonic. Condition (5.3)(ii) gives that [αq] = 0. Taking the normal component (with respect to the interface I) of equations (5.1), we find that 
and if δ = 0:
Both problems (5.4) and (5.5) are scalar elliptic transmission problems. Besides the trivial zero solution, their solutions are the singularities of these problems.
For ψ, we obtain from (5.1), (5.2)(i) and (5.3)(i):
Finally for s we have: 
The three types of Maxwell singularities
The Maxwell or eddy current singularities of Type 1 are the solutions of (5.7) with ψ = 0 and q = 0. We can see that they are the gradient of scalar singularities: s C = ∇Φ C and s E = ∇Φ E with The Maxwell or eddy current singularities of Type 2 are particular solutions of (5.7) with ψ solution of (5.6) and q = 0. We find that ψ is a gradient: The singularities of Type 3 are particular solutions of (5.7), with ψ particular solution of (5.6) and q general solution of (5.5).
In our case, the singularities of Type 3 can be discarded because their divergences form the asymptotic part of the divergence of the solution. Since our solutions are divergence-free, these singularities do not appear in the asymptotics (4.1).
For any singular exponent ν 0 ∈ S 0 of the eddy current problem which is not at the same time an exponent of type 1 and an exponent of type 2, we have as δ → 0 a stable cluster of singular exponents ν 
